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The matrix representation for calculating the ion trajectory is extended to include the second-
order aberration terms. 

Properties of the matrix and relations between its elements are discussed. 
As an example of the application of the matrix method, the second-order coefficients of a homo-

geneous magnetic field of arbitrary shape are derived and the relations between the matrix ele-
ments and HINTENBERGER'S notations are shown. 

The particle trajectory near the optical axis can 
be expressed by a linear function of initial angle, 
position and velocity. In this case the matrix 
representation 2 is very useful to determine the 
focusing condition or to calculate the dispersion 
factor and other optical properties. It is the most 
important advantage of this method that the trajec-
tory through the complex field combination in tan-
dem can be expressed easily by manipulation of the 
transfer matrices of various parts of the system. 

For a more precise calculation of the trajectory, 
the second-order approximation is required, and 
these second-order terms give the mathematical aber-
ration if the first-order focusing conditions are ful-
filled. 

When mass spectrographs with high resolving 
power or high optical brightness are designed, the 
second-order terms can not be neglected, though its 
calculation is a very tedious work. 

The second-order coefficients of the double focus-
ing mass spectrograph which consists of a cylindri-
cal electrostatic field followed by a homogeneous 
magnetic field have been investigated by H I N T E N -

B E R G E R and K Ö N I G 3. They proposed several analyser 
systems which eliminate the second-order aberra-
tions. 

It is possible to calculate the aberration of more 
complex analyser systems by H I N T E N B E R G E R ' S meth-
od, e. g. the aberration for a mass spectrograph 
which consists of two electrostatic fields and a mag-
netic field. It is, however, rather difficult to general-
ize their expressions for the second-order coeffi-
cients. 

1 S. PENNER, Rev. Sei. Instr. 3 2 , 1 5 0 [ 1 9 6 1 ] . 
2 D . LUCKEY, Techniques of High Energy Physics, Interscience 

Publishers, New York 1 9 6 1 (Edited by D A V I D M. R I T S O N ) . 

If the matrix method is applicable to the second-
order calculation as well as to the first-order ap-
proximation, it may be very useful. In this report 
the transfer matrices, extended to include conven-
iently the second-order terms, are proposed and 
some of their applications are presented. 

1. Transfer Matrix and the Second-Order Terms 

Now we take a trajectory of a particle whose 
velocity is given by v0, the central velocity, and de-
fine this trajectory to be the optical axis of the field 
and call the beam on this axis the central beam. For 
simplicity, we only consider the motion of particles 
in the plane on which the optical axis lies. The par-
ticle may be characterized by the displacement x 
from the optical axis, the angle a between this axis 
and the direction of motion and its velocity v. We 
consider a particle characterized by xQ, a 0 , v, at 
the entrance of the field. The displacement x and 
the angle a of this particle at the exit of the field 
may be given as functions of the initial conditions 
2-0 ' ao ' v> 

X = X{XQ, a 0 , v), (1) 

a —A(x0, a0, v). (2) 

If the displacement x is small compared with the 
bending radius in the field, and the angle a and the 
velocity deviation are small, too, these functions 
may be expanded in power series of x0 , a0 , and ß, 
where ß is defined by 

v = v0(l+ß), ß<l. (3) 

3 H . HINTENBERGER and L . A . K Ö N I G , Z. Naturforschg. 1 2 a, 773 
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To obtain the second-order solution, we drop all terms higher than second order in a:0, a0 and ß. 
Then, 

* = ^11 + Alg a0 + A\Z ß + Ali x02 + A15 *0 a0 + A16 «O* + A17 ß + ^18 a0 ß + ^19 ß2, (4) 
a = A21 X0 + A22 0t0 + A23 ß + A24 X02 + x0 a0 + oc02 + A27 x0ß + A28 a0ß + A29 ß2. (5) 

In first-order theory a vector space is chosen whose components are x, a, and ß, and the field is repre-
sented by a matrix transformation of this vector. In order to extend the matrix method to the second-
order theory, the vector space has to be extended to a nine-dimensional one. The components of this nine-
dimensional vector are x, a, ß, x2, x a, a2, x ß, aß, ß2. Then a field is represented by a matrix transfor-
mation of this vector. The elements of the first row of this matrix are the A 1;-'s of Eq. (4) and the elements 
of the second row are the Av/s of Eq. (5 ) . Provided the velocity of the particles is not changed at the 
entrance and the exit of field, the matrix elements of the third row are zero except A 3 3 = 1. 

The square of x is calculated from Eq. (4 ) . Dropping the higher-order terms we obtain 

x2 = An2 x02 + 2 An A12 X0 a0 + A122 ot02 + 2 An A13 x0 ß + 2 A12 A13 a0 ß + A13~ ß2. 

Then the matrix elements of the fourth row are as follows: 

A41 = A42 = A43 = 0 , 

A44 = An2, A45 = 2AnA12, A46 = A122, 

A47 = 2AltA13, A48 = 2 A12 Avs, A49 = A132. 

The other matrix elements are obtained similarly. Then the transfer matrix in general is given by 
An 
A AS1 

0 0 
0 0 
0 0 
0 0 
0 0 
0 0 

„ 0 0 

Aa Au A „ A ,7 A18 Ait 
Au Ait A» A„ A„ A18 A„ 
1 0 0 0 0 0 0 
0 A * 2 An Atf A 8 2 An Als 2 A12 Als Ai,' 
0 A n An An Aa+Aa Atl An Ak ̂ n At)+Atl AIS Ait Ats~l~Att Au An Atj 
0 A I 2 Atl At. A 1 2 Atl A13 2 Att Atz A»1 

0 0 0 0 A u Ait Ait 
0 0 0 0 Au Art At 3 
0 0 0 0 0 0 1 

The simplest one is the transfer matrix through a 
region of no field, which is given by 

£ 0 0 0 0 0 0 0 
1 0 
0 1 
0 0 1 21 I1 0 

0 0 0 0 
0 0 0 0 

0 0 
0 0 
0 0 

0 0 0 0 1 L 
0 0 0 

0 0 0 

0 0 
0 0 

0 
0 
L 

0 0 0 0 0 1 
0 0 0 0 0 0 

0 0 1 

0 0 0 

(7) 

where L is the length of the field-free region. 
We have calculated all the matrix elements from 

those of the first and the second row, which may be 
obtained by solving the equation of motion in the 
second-order approximation. It is however interest-
ing to see that the matrix elements of the second 

row can in the case of sector fields also be calculat-
ed from the matrix elements of the first row. Since 
a is written approximately in the form 

dx , rv / dx 
a = ds dT 

where ds and dr are the components of a line ele-
ment parallel and perpendicular to the optical axis 
respectively, it is given by the calculation of dx/ds 
in the second-order approximation as well as in line-
ar approximation. If the optical axis is the arc of 
radius r0 , a is given by 

dx a = = 
ds 

d x (1 -
r0d(p \ (8) 

where <p is the deflection angle. — Hence 

a = A11'z0 + Au'a0 + Aa'ß+ [ä^ - ( ^ u ) ' ) * o « o (9) 

+ ( V - { A n r y y o ß + ( A i s - + 

where the prime denotes 1 d 
r0 dqp 



Equating coefficients of Eq. (5) and Eq. (9) we obtain 

A21 — An, A22 = A12, 
A A '  AU  AN ^24 — ^14 — > 

A A ' 12 26 — ^16 — 

A28 — A 18 

Alt) A 19 

(A12 Aj3) 

^23 — ^13 5 
A -A ' — (^11^12)' 25 — 15 > 

>0 
_ A. ' _ 4 s ) ' 

U 
^13 ^13 

^27 ~~ ^17 — 

•̂ 29 — Aiq — 19 

(10) 

We have confined the problem to a two-dimen-
sional motion. In the case of a three-dimensional 
motion it becomes more complicated. As we treat the 
motion of charged particles near the optical axis, the 
field may be expanded in power series around this 
axis. Provided the field is mirror symmetric about 
the plane on which the optical axis lies, the vector 
component of the field parallel or perpendicular to 
the plane of symmetry is expressed in first-order ap-
proximation by only one coordinate in the respec-
tive direction. Therefore, the motion parallel or per-
pendicular to the plane on which the optical axis lies 
can be determined independently. But in the second-
order approximation the second-order terms in the 
power series expansion of the field component con-
tain the square and cross terms of the coordinates 
perpendicular to each other. Hence three compo-
nents have to be added to the vector space in gener-
al, and the transfer matrix becomes twelve-dimensio-
nal. If the field is homogeneous in the direction 
perpendicular to the plane on which the optical axis 
lies, for example a homogeneous magnetic field or 
a cylindrical electrostatic field, the second-order 
terms of the field do not contain the terms relating 
to the coordinate of this direction. Then the field 
is represented by the nine-dimensional transfer ma-
trix. 

2. Some Properties of Transfer Matrices 

In the case of the first order approximation it is 
well known that the transfer matrix has a determi-
nant + 1. It is derived directly from L I O U V I L L E ' S 

theorem. This result is easily extended to the nine-
dimensional transfer matrices of the second-order 
approximation theory, because the following rela-
tion holds for the minor determinant 

= 1. (ID 
In the course of designing an analyser system, it 

is often desired to have the transfer matrix of the 
field whose bending direction is different from the 

preceding field. In this case we can change the signs 
of x and a at the entrance and change them again as 
before after passing through the field. It is con-
venient to write this process in the following matrix 
form: 

[A{\ = [E.^'[A] • [ £ _ _ ] (12) 

where [A{] is the matrix for the inverted bending 
field and [£"__ ] is defined as follows: 

' - 1 0 0 0 0 0 0 0 o' 
0 -1 0 0 0 0 0 0 0 
0 0 1 0 0 0 0 0 0 
0 0 0 1 0 0 0 0 0 
0 0 0 0 1 0 0 0 0 
0 0 0 0 0 1 0 0 0 
0 0 0 0 0 0 -1 0 0 
0 0 0 0 0 0 0 - 1 0 
0 0 0 0 0 0 0 0 1. 

Now take a field represented by a transfer matrix 
[A] and retrace the trajectory from exit to entrance. 
This process can be considered as the inverse trans-
formation. Therefore the transfer matrix [A r ] for 
this process is given by the inverse matrix: 

[Ar] = [A]-* 
that is: 

[Ar] • [A] = [E] , 

where [ £ ] is the unit matrix. The transfer matrix 
[A m ] of the field which is a mirror image of the 
given field [A] where the reflection is made about 
a plane perpendicular to the optical axis, is equal 
to [A r ] except the sign of a. Hence we have to 
change the sign of a at the entrance and again 
change it at the exit as before. In matrix form this 
statement becomes 

where 
= [E + - ] • [A] - 1 [E + - ] 

1 0 0 0 0 0 0 0 <r 
0 -1 0 0 0 0 0 0 0 
0 0 1 0 0 0 0 0 0 
0 0 0 1 0 0 0 0 0 
0 0 0 0 - 1 0 0 0 0 
0 0 0 0 0 1 0 0 0 
0 0 0 0 0 0 1 0 0 
0 0 0 0 0 0 0 --1 0 
0 0 0 0 0 0 0 0 

(15) 



3. Application of Matrix Representation 

As an example of the application of matrix re-
presentation the second-order coefficients of a homo-
geneous magnetic field of arbitrary shape with 
sharply defined boundaries will be derived by the 
matrix method though it is well known. 

In the case of a simple wedge-shaped magnetic 
field to which the central beam enters and leaves 
perpendicularly, the equation of motion is easily 
solved and the matrix elements A\j are determined. 
The other elements are calculated from A\j using 
the relations (6) and (10) . 

The appropriate transfer matrix [A] in this case 
is given by (17) [see left column on this page], 
where r is the radius of curvature of the optical axis 
in the magnetic field and <p is the deflection angle. 
If a beam enters a region of the magnetic field at an 
angle, then the difference in path in the magnetic 
fields acts as if the initial conditions (x, a) are 
altered. Let be the angle which the optical axis 
forms with a normal to the field boundary, take an 
imaginary field boundary B\ perpendicular to the 
optical axis at the cross point of this axis and the 
real boundary, and consider the trajectory of a par-
ticle which is characterized by x±, 04 , v on B[. Then 
this particle travels to the real field boundary and 
follows the circular path in the magnetic field. If 
the particle which is characterized by x0, <x0 , v on 
5; follows the same circular path in the case of the 
normal entry as in the case of the above-mentioned 
anormal entry, the geometrical consideration yields 
approximately the following relations: 

Xr\ — oc 
2 r 

tan 

tan2 

+ + ajj 04 tan2 
-xxß tan &' 

(18) 

0 0 0 

0 0 0 

Therefore we may represent the effect of the rota-
tion of the field boundary by a transfer matrix 
which transforms {xx, a1, v) into (x0 , a0 , v). The 
complete transfer matrix [ $ ' ] is 

1 0 
tan 

r 
0 0 
0 0 
0 0 
0 0 
0 0 
0 0 

. 0 0 

tan2 

2 T 
0 
0 
1 

tan 

( 4 1 ) ' 
0 
0 
0 

0 
tan8 V 

1 
. tan 

0 -
0 0 

tay% 

0 0 
0 0 
0 0 
0 0 
1 0 

tan 
T 

0 0 



At the exit side we can derive a similar transfer 
matrix from geometrical considerations. But as leav-
ing the field is the mirror image of entering the 
field, the transfer matrix for the rotation of the exit 
edge is easily derived from Eq. (15) and from the 
inverse matrix of [ $ ' ] , provided is replaced by 
the exit angle d " . 

The result is 

considerations: 

h n = 

1 0 0 
tan d" 

2 r 
tan j?' 

1 0 -
tan ' 

T 1 0 -
2 r s 

0 0 1 0 
0 0 0 1 

0 0 0 
tan {>" 

T 
0 0 •( 

tan 
r 

0 0 0 0 
0 0 0 0 

0 0 0 0 

0 
tan5 9 " 

r 
0 
0 
1 

tan 

0 
tan & " 

0 0 0 
0 0 0 
1 0 0 

tan 

(20) 

The entry angle d' and the exit angle d" are taken 
as positive if the optical axis is on the side of the 
normal toward the center of curvature of the optical 
axis in the field. It should be noted that the transfer 
matrices for the entrance edge and that for the exit 
edge are expressed by the same matrix in first-order 
theory with exception of the rotation angle, but in 
the second-order approximation these matrices are 
quite different. The transfer matrix [S] for the 
homogeneous magnetic field with entry angle and 
exit angle ft" is obtained by multiplying [A] on the 
right with [ # ' ] and on the left with [ # " ] . 

[5 ] = [ # " ] • [A] • [#'] . (21) 

If the field boundary is not rectilinear but curvi-
linear, the radius of curvature of the field boundary 
has to be considered in the second-order approxi-
mation. 

Now we consider the magnetic field with linear 
boundary which is tangent to the real field boundary 
at the entrance of optical axis to the field region, 
and compare the trajectory of a particle in this 
imaginary field with that in the real field with curvi-
linear boundary. 

Let us characterize the particle by xx, CLx , v on B; 
in the former case and by x2, ot2, v in the latter 
case. 

If these trajectories coincide in the magnetic field, 
the following relations are derived from geometrical 

xt=x2, a i = a 2 + 
2 R' r c o s 3 

where R' is the radius of curvature of the field 
boundary. This transformation is expressed by the 
following matrix: 

0 
1 

2 R' r cos» 1?' 
0 
1 
0 
0 
0 
0 
0 

(22) 

At the exit side a similar transfer matrix is easily 
derived from the inverse matrix of (22) by use of 
Eq. (15) provided and R' are replaced by the 
parameters of the exit side and R". R' and R 
are taken as positive if the field is convex. Therefore 
the transfer matrix [71] of a homogeneous magnetic 
field of arbitrary shape is given as follows: 

[T] = [ * " ] • [5 ] • [ /? ' ] 

= [R"] • [#"] • [A] - [ 0 ' ] • [R'] . (23) 

The matrix elements T\j and T-ij agree with the 
second-order coefficients which have been derived 
by H I N T E N B E R G E R and K Ö N I G 4. Here we only show 
the relation between the matrix elements and HIN-
T E N B E R G E R ' S notations. 

T u = i M i b > Tv2= r (A l a , T lz = r [A.-2& , 

Tu— — fine, T15= fx 11b, 7,16 = r^na, 

1 m T2,= via, T23~v2a, , (24) 

T»4= \ viic , T25= 1 vnb , T26=Vua,, 

r- r 

T21= Vi2b , T2S= Vi2a, T29=V22a.-
The calculation of the second-order aberration of a 
M A T T A U C H - H E R Z O G type mass spectrograph which 
consists of two electrostatic fields followed by a 
homogeneous magnetic field by the matrix method 
is a good example and will be reported in another 
paper by the author. 

4 L . A . K Ö N I G and H . HINTENBERGER, Z . Naturforschg. 12 a, 3 7 7 
[ 1 9 5 7 ] . 



4. Conclusion 
It is very complicated to calculate the second-

order aberrations of complex analyser systems and 
mistakes are liable to be made. 

Even if the matrix method is used the tediousness 
of the calculation is not altered. 

The usefulness of the matrix representation comes 
from the fact that the over-all transfer matrix of the 
total system is easily written as a product of the 
transfer matrices of various parts of the system. 

Hence the calculation of the second-order aberra-
tion is reduced to the mere mechanical calculation 
of matrix products. 

For the case of the numerical calculation by dig-
ital computer, the matrix method may be advan-
tageous to programming. 
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The most important advantage of the M A T T A U C H - H E R Z O G type mass spectrograph is double focus-
ing for all masses. One disadvantage, however, is the fact that the energy slit cannot control the 
velocity spread (ß) independently of beam divergence (a). This disadvantage is removed by sub-
stituting a two-stage electrostatic field for the usual single one. 

General formulae for determining the distances between the elements of the optical system are 
derived. 

Combinations of two cylindrical electrostatic fields with equal radii are chosen as a practical 
example. The condition to be fulfilled for a physically significant solution and the resolving power 
of this system are discussed. 

The study of the second-order aberrations shows that a2 focusing for all masses can be achieved 
under suitable conditions. In addition, a ß and ß2 aberrations can be made to vanish simultaneously 
at a point on the focal plane. 

The design parameters are numerically computed and tabulated for several favorable examples. 
The total image defect is calculated for a typical example, and found to be very small for a wide 
range of masses. 

Recently increasing interest has been shown in 
the potentiality of spark source mass spectrometry 
for the chemical analysis of solids. 

An ion beam produced by a spark source, how-
ever, has a wide energy spread. Therefore, a double 
focusing mass spectrometer is required. In addition 
the intensity of an ion beam emerging from a spark 
source fluctuates rapidly and the spark produces 
considerable RF noise, so that electrical detection is 
prevented and photographic recording is inevitable. 

A M A T T A U C H — H E R Z O G type mass spectrograph 1 is 
especially well suited for this purpose, because it 
shows double focusing for all masses along a 
straight line. 

1 J . M A T T A U C H and R . H E R Z O G , Z . Phys. 89, 7 8 6 [ 1 9 3 4 ] . 

One disadvantage of this type of instrument, 
however, is the fact that the energy slit cannot con-
trol the energy spread independently of beam di-
vergence. Therefore, even if the energy slit is nar-
rowed to infinitesimal width, the ion beam which 
enters the magnetic field still has a wide energy 
spread. 

The author noticed that by substituting a com-
bination of two electrostatic deflection fields for a 
single one in the usual M A T T A U C H - H E R Z O G type mass 
spectrograph, the disadvantage mentioned above 
could be removed by setting an energy slit between 
the two electrostatic fields l a . 

!A I . T A K E S H I T A , Z . Naturforschg. 2 0 a, 624 [ 1 9 6 5 ] . 


